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NOTE 


The term ‘Computing Systems”’ is used in the title of this Journal in 
its broadest sense. It is intended to include logical and mathematical 


systems as well as structures for machines designed to solve problems 


that involve computing. Thus the principal purpose of the Journal is to 
provide a common meeting ground, a channel for communication, in 


' these inter-related fields. Articlés will be published covering the inter- 
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pretation of logical and mathematical metheds in the field of computing 
machinery as well as theoretical technical papers an all three subjects. 
The editorial policy and the choice of subject matter will be substantially 
prided by the interest shown and communications from pesdere will be 


welcomed. 


POLYNOMIAL DETERMINATION IN A FIELD OF INTEGERS 
MODULO P. 


EDWARD C. VARNUM 


ABSTRACT. From a study of integers mod 2 applied to on-off 
relay circuits, a generalization to any prime modulus, p, has been 
made to construct a matrix by which a polynomial in n variables may 
be determined when the p™ values of the polynomial are given for 


all the combinations of the p values of each of the n variables. 
PREFACE 


A logical statement which contains a proposition x can be 
represented by an algebraic function of X. If the only possible 
truth values of x are true or false, then a modulo 2 algebra is 
used. Assume that if x is true the numerical value of X is 1 and 
that if x is false the numerical value of X is 0. Substitution 
of the proper value of X in the algebraic function will give the 
. Numerical equivalent of the truth value of the logical statement, 
assuming, of course, that the truth value of the statement is com- 
pletely determined by the behavior of x. For example, if the logical 
statement is ‘x is false’, then the algebraic function is f(X) = 1+X. 


For three truth values (false, true, unknown) a modulo 3 algebra 
may be employed with 0 representing falsity, 1 representing truth, 
and 2 representing lack of knowledge. Under this system, the logical 
Statement ‘x is false’ has the functional form f(X) = 1 + 2X, which 
-may be verified by calculating £(0) = 1, f£(1) = 0, £(2) = 2. From 
such a series of functional values the functional form for any 
system based on a primé modulus is readily obtained by multiplying 
a row matrix by a square matrix which is constant for a given modulus 
and then multiplying by a simple column matrix, as indicated in the 
‘following paragraphs. 


EXPANSION THEOREM, MOD 2. For a single variable, the ex- 
pansion for integers modulo 2 appears in the first- article on 
relay circuits' in the form: 


(1) £(X) = X£(1) + (X + 1)£(0) 
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To illustrate the application of expansion (1), we are able to 
aite out a polynomial in X for a field of integers modulo 2 if 
know the value of the polynomial for X = 1 and for X = 0; suppose 
gat f£(1) = 0 and £(0) = 1, substituting into (1) we find that 
x) OS ies (Xoteh) lee X +1. 


The expansion theorem has been generalized elsewhere” to n 
ariables in odd-even, or mod 2, algebra in the form: 


(2) £ UX, .X,+--- Xl Sel esa CV | aS 


“@rhere T, 18 a single-rowed matrix i 2" numbers which are the func- 
‘@:10nal felies of the polynomial, C, is a psa ote matrix which is 
‘fzonstant and V, is a single-columned matrix of variables. To corres- 
fpond with the generalization to integers modulo p, the matrices 
iT,» C, and V,, of the February 1951 article will be changed to the 
following: 


Tet 0 0) £100 1) 


£To completely describe 21, We omit the commas inside the parentheses 
}and say that the resulting numbers are 0, 1, 2, ..., 2" - 1 in binary 


jnotation. The constant ,nx,n matrix will be defined by: 


a j ~ 2-n-1 on y 
, 2"n = 
01 0 ony 
The prescript 2 indicated that modulo 2 algebra is used. The vari- 
ables matrix ,V, is now defined by giving, V, and a recursion forumla: 


@ “i ( avn 
V = ; = 
2°14 : 2/2 ; 
X, Xx, nat 


where aie is ,V,., With subscript of the variables advanced ] unit. 


The early equation (1) can be written in the general form: 


TING fal 1) 
hie tC, V. « [£(0)£(1)) ( Y( ) =t20),40 «10 ) 
: Out NX Xx 


£(X) = £(0) +X[£(0) + £(1)] Hi 
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which is equivalent to the form given in reference l. 


For two variables mod 2 we have: 


gi eae 11(0,0)e2(0, 1) £CP 0) sic bs 
pS 8s 
= 0 
aC. E051 
020-2107) 
0507 Oe) 
1 
x 
ATES é 
X, 
X, X, 


Combining these into an expansion theorem for 2 variables 


mero Fe'(2))- 


fixe xe) ne lf (0, 0) 9500/1). £C1,0) £1 1 e) far iat i 
02191 X 
0).0/1t X 
00:0 17 \Xee 


1 2 


As an example of the use of (2), suppose we desire a polynomial 
which shall equal unity when X, = 0 and X,= 1 but shall be zero 
otherwise. Then ,T, becomes [0 10 0] and £(X,,X,) is found by 
multiplying ,T, by ,C, to obtain [0101] as follows: 


[0100] Teale 
Osi s00) 
0.0 Lal 
0001 


= (018091) 


Mewtnens multiply (00150. 1] 7 by ov. : 
LORreOt} 1 
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| Our desired polynomial is £(X,,X,) = X, + X, X,- Numerical 
# substitution will show that this polynomial is 1 when X, = 0, X, = 1, 
| but is 0 for other pairs of values of X, and X,. 


“The expansion theorem for 3 variables mod 2 becomes: 


Moe? f(X XX) = 1, (11111111 1 

| : Hie 021. 0-160) : 
Og0ste ts Oc0nl Ke 
02040 5180205001 XeeXe 
005000 tor tt De 
00000101 Xiak 
00000011 Kexe 
0-0 0.020 0.0.1 XeaXue Xe 


where ,T, is [£(0,0,0) £(0,0,1) £(0,1,0) £(0,1,1) £(1,0,0) £(1,0,1) 
mr(1,1,0) £(1,1,1)]. 


EXPANSION THEOREM, MOD 3. In the field of integers modulo 3, 
the polynomials in single variable can be quadratic. The form of 
the V matrix is thus? 


1 
BVixG X, pe thew lematrixyis == ECO) £1) BE C25 al 
i 
, 
aE 
and the conversion matrix mod 3 is ee OF 2e2 
OF le? 


so that the expansion theorem for a single variable mod 3 can be 


written: 

(4) EC ease t(O)erC Vy E(2) | 1 022 1 
We) ® x6 
O12 Nes 


Dropping the subscript and expanding (4) we may write: 
(5) ENN eme tO) evexe 21(1)et £(2)) + 2X" 2-[ £(0)-+- £(1) + £(2)) 
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To illustrate the use of (5), suppose we desire a polynomial 
whose value is 2 when X = 0 and 1 otherwise. Substituting into (5): 


0.9 Soy Nenana Wy ama ee AGG Ie y's Gon eb Ae “a a oy Wa 5 


The polynomial 2 + 2X? is 2 when X = 0 and is 1 for X = 1 and 
X= 2 when using mod 3 arithmetic [2+ 2 = 1(mod 3) and 2? = 1(mod 3)]. 


For two variables mod 3 the matrices become: 


wT, = [£(0,0) £(0,1) £(0,2) £(1,0) £(1,1) £(1,2) £(2,0) £(2,1) £(2,2)] 


T0p 2002002, 051 1 
Om2e220 0,0 001 4 X, 
Gate 220,0,0-0 201 x) 
Gg0':002)° G1 2.0. 1 Xe 
Ae ae Om0e0 Omlurt Oaly ltte: Ata 8.22," 
OrdnOnOe2e 10 2at KEK: 
OmG2 051 0827-2077) Xi 
02050 1202.02 151 Xk 
OS 0ROR 0c 1s? 07271 Ake 


Note that ,V, is formed from ,V, by first advancing the sub- 
script from 1 to’ 2 making: 


1 
, = 
AG te Xx. 
2 
x, 
3Vi 
and then using the recursion formula: Ai X, Vi 
x aN 


To apply the theorem to a numerical example, suppose we want 
a polynomial which is 2 when ae 0, X, = 2 and also when X sea 0 
X, = 1, the polynomial is to equal 1 when X, = 2, X, = 1 and when 
X, = 2, X, = 2 and is to be zero for all other pairs of values of © 
values of X, and X,. In this instance: 


S15. =°( 00° 250022000 Mise) 
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Multiplying by ,C,: 


t0,0-27042.0,0 Fl) =(0°22160°2:070,020) 


SoS Oe Ono. Oo 
OF ORO On OO hare 
(YK ey Cary ee SS SSP LS) 
cae) fem (tee) Gey (SYS) =) 
mon ON eo oo © 
NON NO KKH KH FE Oo SO OS 
ODOT N TOs ONTO or ht 
Nore Oo NUN FH ON F&F O&O 


Multiplying this matrix product by ,V,: 


cOe 25 1-0/220,.070' 0). — 1 a 2X it Xe tok. Ke 


oe 
XeeXe eaten: 


The polynomial 2X, + Xx} + 2X,X, equals 2 when X, = 0, X, = 2 
(2° 2+1+ 0 =1+1=2) and when X, and X, each equal 1 (2+1+2=2), 
when X, = 2, X, = 1 the polynomial is 2° 1+ 1+ 2° 2 = 1 and when 
X, = 2, X,= 2 the polynomial is 2° 2+ ie Be RETR as Wg tb bg VIER 
For the other pairs of values of X, and X, the polynomial: 


PO Oa BPD Ao 


is zero as required. 


EXPANSION THEOREM FOR ANY PRIME MODULUS, p. It is seen from the 
above examples that the crux of the expansion theorem is the C matrix 
‘structure. In the case of a single variable mod p the C matrix is 
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the inverse of a power matrix, P, defined as follows: 


ocUChcOlUC Ole 

fo a I 
' 
— 


Oeeiepel 1 ooo eet 


It will be seen that the i-th row consists of the (i. = 1b) se 
powers of the integers 0, 1, 2, 3, ..., p-l. The P matrix is com- 
pletely defined by the element in the i-th row and the j-th colum: 


where it is understood that 0° is 1. 


The C matrix can be written: 


Qe 0ue 0s ipl 


1 
0 p-l 
0 p- 

Ue Cr eaD act aL) as ~ p-l 


C550 = ; : 
Pet : fori #1, j#l 


Opt Usp =e tee p= 1 p-l 


For any prime number p the border elements are as shown above: 
The first element of the first row is 1, the last element is p-1 and 
the rest of the elements are zero. The rest of the first column, 
except the first element, are zero. Each element of the last column 
is p-l and the elements of the last row starting with the second 
element alternate 1 and p-l. The interior elements of pr are given 
by: | 


(8) pC, (ij) =p - G- DPS 
where i is the row number and j is the column number. 
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As numerical illustrations of the C matrices for one variable 
with various moduli, (7) becomes: 


on (e) 
Cae | 
01 


This consists of border elements only. 


10,2 
Ge=5) 0, 202 
Ones 


The only interior element here is the middle 2 which satisfies 


4 the formula 25) ok Paid Oia ed Biren oe ya lak oe 


3 


10004 
04444 
Cee | 0-201 374 = 
0-3-1 24 
01414 


The nine interior elements each satisfy: ,C,(i,j) = 5 S(3-ed 


= 


muror-example for i = 3,°j = 2: 5:-/(3.- 1)5-2 *5 93 = 6 3 = 9 


1000006 
0666666 
0356356 

few = = 10 2 3215 46 
D5 3.6 5.3 6 
0451326 
Orleceliocli6 


As an example of an interior element, choose the 4th row (i= 4) 
and the 3rd column (j = 3). Putting these values into (8): 


nee are (Ag Tye nt 30 = 7. 61 = 7 - 4 = 3 


_ which is found by counting down to the 4th row and counting over to | 
the 3rd column. 
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The form of jC, was calculated as the inverse of ,P, from (6) 
at the author’s suggestion by Mr. Robert Seber of the Rockford 
College faculty before the general expression for pC: (i,j) as given 
in (8) was observed. 


Having the general expression for any interior element of C,, 
ite gs : : Pp 
it is easy to write ,,C, which can be used to find a polynomial, 
(mod 11) whose functional values for X = 0, 1, 2, 3, ..., 11 are 
any eleven digits, say, the 3 and ten decimal places of Pi, as 
follows: 


Te Onc0 0 0. 05 0. Or O10 
0 10 10 10 10 10 10 10 10 10 10 
QM5i- 824, 2. 6 31 old 
(aes Gia 2a Sete? 6 62.8 610 
Gie8 2 64-7..10 8-"22 6 uteetO 

Cea? 97.68 (6 10 2 7.8.6. 10 
Tene EPR a i aes Sy at La 
Oy Sey Es CR ee emer Oo 0 
Ved 6 eo 8. d° 7 5.2 3810 
CupoasSaet c2 510 6 cha elo 
eel 1001s 10s 061s 10 110 


Pere = (3 1.4.15 9 2 6 5'3°6). Multiplying , Toby ee 


1 
mod 11] we obtain: 


—j 
@) 
" 


= (3.10.87 0 4.0 910-6 10) 

Multiplying this matrix by ,,V, we obtain: 
£(K) mn 9t LOXPteSXeeterX” + AX? + OX? 4 10K? t 6X9 Cte 
By letting X = 3 in f£(X) we will obtain 795,147 by ordinary arith- 


metic. Dividing 795,147 by 11 we find that our remainder is 1, 
_ Which is the third decimal place of Pi. 


EXTENSION TO MORE THAN ONE VARIABLE. As was seen in both the mod 2 
and the mod 3 cases, the C, matrix for two variables is formed by 
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putting the C, matrices for one variable into the generic form of 


Ce itself: 


| Teleter 
cnlGae A (e =) eee 
01 Te wes 0011 
0001 

105200, 0 .082n0 

09.2900 Onder 

01200002 

102 Cee 0s 2G. 00092700 thos0 

meG0e 2 bee ee" 10 2.C2 Co «lo ap ost eon 

012 o 3¢ 3¢, 00002102 

00910220 

0-020. 0/259s0e8 

00001202 

Note that 2,C, is formed by doubling each element of ,C,. 


This method is continued for higher moduli so that .C, wilt be: 


C205 00> 4C 
0 4C 4C 42C 4C 
Cex) t0.2Ge CoC AC 
OpsCeCe2C AC 
Ge Ce4G- C 4C 


where C = SC) Which is)itself a 5x 5 matrix. 
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completely we obtain a 25 x 25 matrix: 


Expanding ,C, 


three variables would give a 625 x 625 


Extending a mod 5 C matrix to 
n the upper left- 


matrix which would have the above 95 x 25 matrix 1 


hand corner! 
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To give an example of a three-variable conversion matrix, let 
us go back to mod 3 to obtain the following 27 x 27 matrix: 


102000201000000000201000102 
(1220007 011000000000011000022 
012000021000000000021000012 
000201201000000000000102102 
000011011000000000000022022 ) 
000012021000000000000012012 ) 
000102201000000000000201102 
G600.0227011000000000000011 022 
G900012021000000000000021012 
POO O00 0201000102201 000102 
000000000011000022011000022 
PODO0DT0002ZIDO0012021000012 
6-0.0-0000000001021020001 02102 
ee 000000000000022022000022022 
02000 0°0 0.00.0 0.0.0 1.2 0-1 20-0100 122 061-2 
p0080000600000201102000201102 
(7020700500000 6.0.00 1-1 0.2 2.0.00 Ol lnGa2 2 
008050700 010.00 0.0.0 210.1 20:0 .0.0-2°1°0 12 
Ge07070 00 010 0.1 02°00 0 2.051 2 011 00:0 120.2 
Gap 0.010.000 0022000011011 0 010.0922 
@ng20807020°070-0 02) 210.0 070: 201.0 271707070. 0: te? 
Gaoeoecs0-020.010.0.0.0-2 0 1.2°01-6.0.0 10 2170.2 
Gaomey 0020/0050 0wee0.0 1101100 0 0 22 0 2:2 
0705080600020 01000 0.051.21021000012012 
(7000 0101020) 070.0.0:0 1022010002 0110-2 
GFon0.0006000,080.0 0.0.0 22.0.11-0.00011-02 2 
6090000000000012021000021012 
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The T matrix would be made up of 27 elements: 
T= [£(0,0,0). £(0,0,1) £(0,0,2) £(0,1,0) £(0,1-1) 002, 2m 


PROOF THAT C = P-1. We may omit subscript to prove that for any 
modulus p and for a single variable, the conversion matrix is the 
inverse of the power matrix. The expansion theorem says: 


‘ce £(X) = TCV 


For X = k, a fixed number: 


(10) f(k) = TCPE +, 


where Pf , , denotes the (k+1)-st column of the power matrix. But 
£(k) is also the (k+ 1)-st element of T so that: 


(11) fC eagT ici 


where If ;, denotes the (k+1)-st colum of the identity matrix. 
From (10) and (11): 


2 * = = 

(12) Le eran Ths 

Or: 

(13) Peas = Tha, for: k= 0, 1, 2,...., p-l 


From (13) we may conclude that CP = I and thus C = P™'.~ 


Having determined the nature of C as given by (7) and (8), we 
also have a method of determining the inverse of a power matrix Py 


mod p. 


CONCLUSION. We have now determined the structure of a mod p 
algebra for finding a polynomial of any number of variables having 
given functional values. As yet, a plications have been made only 
at the elementary (mod 2) level'')‘?), but it is conceivable that 
higher moduli may become important. An example of mod 3 applica- 
tion might be to relays again where 0 corresponds to open, 1 corres- 
ponds to closed and 2 corresponds to unknown position. In such a 
Situation the ‘complement’ of a relay X would be f(X) where f(0) = 1, 
f(1) = 0, and f£(2) = 2. The 32, matrix would be (1,0,2), which 
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when placed in the expansion theorem would be: 


F(X) 983.(12052) 0s? Io \ "20 (15220) Tali se lit 2X 
05202 x 
Oni? x2 x; 


and, therefore, writing X’ to denote the complement of X we have: 


Xone se lat 2X. 
Formulas for series and parallel circuits could be derived by 
evaluating als and expanding by: 
£(X,,X,) = ,f, ° 3C, E sv; 


with the C and V matrices as given in preceding paragraphs. 


NOTES 


1. Varnum, E.C.: ‘Relay Circuit Analysis by Odd-Even Algebra’. 
Machine Design, Vol. 21, No. 12, Dec. 1949, p. 139, Theorem 1. 


2. Varnum, E.C.: ‘Three-Relay Circuits’. Machine Design, 
Wol.23,-No, 2, February 1951, p., 194. 
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ON A UNIVERSAL DECISION ELEMENT 


BOLESLAW SOBOCINSKI 


In the field of the bi-value calculus of .propositions there 
are only four propositional functors for one propositional argument 
and sixteen propositional functors for two propositional arguments. 
As is well known, the logical properties of these functors show a 
complete analogy to the functional properties of such units of 
the digital computing machines which are called the ‘decision ele- 
ments’.' Thus, any logical connection which can be established 
for these functors we can easily transform in a suitable combina- 
tion of the corresponding decision’elements. Therefore, if we 
are able to establish this or that property for some functors, then 
we also know that a completely analogous connection holds in the 
field of the decision elements. 


We know that some of these functors or some combinations of 
them are sufficient in order to define not only the remaining 
functors for one or two arguments but also any propositional functor 
for any number of propositional arguments. Thus, each of Shaffer’s 
functors”, i.e., Dpq = ANpNq and Spq = NApq, or some sets of the 
other functors, as, e.g.: (C;N), (K;N), (A;N) etc., can be accepted 
as a sufficient base of the primitive terms for the calculus of 
propositions. An exact analogy appears in the field of the de- 
cision elements. Having, e.g., a unit which is a decision element 
analogous to the functor D: 


P — = Dpq = CpNq 


= ANpNq = NKpq 
q 
or a decision element analogous to the functor S: 
eae = Spq = NCNpq = KNpNq = NApq 
q 


. 


we can build any other decision element exactly in the same way 
as we can define a suitable functor by the sole functor D or S in 
the field of the bi-value propositional calculus. 
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Although either of these two functors (D or S) can be adopted 


#| as a sole primitive term of this calculus, they possess some dif- 


4) ferent logical properties. The following two pairs of curious 
' analogous formulas show some of them: 


DDpqDDppDqq* 
SSpqSSppSqq 


Epq 
Rpq 


and 


Rpq = DDDpqqDDpqp 
Epq = SSSpqqSSpqp 


Roughly speaking, the definitions of the other functors by S 
are ordinarily more inconvenient than by D. Thus, a definition of 
implication by S is, e.g.: 


Cpq = SSSppqSSppq 


and by D is: 


Cpq = DpDpq* 


Because of this fact and also the fact that a rule of detach- 
ment for S is more complicated than for D, a system of the proposi- 
tional calculus with the sole primitive term D is more often elabor- 
ated and studied” than that with S. 


No matter which functor (D or S) is adopted as a primitive term, 
the definitions of the other functors will be long, and in order to 
obtain most other decision elements,we must use a large number of 
the primitive decision elements. 


If we have several different decision elements, then we can 
more easily build (define) the others which we need, but always it 
takes some numbers of these units. Also, in constructing separately 
any decision element which is used, even though it is possible from 
the technical point of view, 1t 1s inconvenient for several reasons. 
It would be most convenient to construct a universal decision element, 
i.e., such a unit as would allow us to build (define) any decision 
element for one or two inputs by a simple change of its input wires 
or a substitution for some of these wires such as a ‘clock’ input 
signal or an open circuit (a clock and an open circuit are considered 
to be always available ). 


I shall show here that in the field of the calculus of pro- 
positions there is a functor for four arguments, using which we can 


ee 
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define any functor for one or two arguments by the simple substitu- 
tion for its variables of other variables or 1 (true proposition = 
a clock) or 0 (false proposition = an open circuit). I shall also 
prove that such a functor for three arguments does not exist. Some 
logical considerations will be given toward the and. 


I. We can define such propositional functor for four proposi- 
tional arguments as follows: 


Qpqrs = EpKEprEqs 


Then this functor possesses the following matrix I: 


Q Q 

A) dies 0 eo a ae a | OF 0 O2lek =) 
Ox bela d: 0) =" 0 3 a Oh 8 cs Mae eo ea 
Oeil Ort. 0 Oo tO cost r=— 6 
Oe eie On Ls l= 0 Qa tr0r O07 least 
OB 0st Lol = 71 Oo} 00 tO = 1 
OF 10 .0:-= 0 Ob 021 50 0st 
Ott Oni 05 e 'L rt 1s OF 0e OL So 0 
OM ats 0802 1e= 0 Or 020262620 


and, therefore, we can, e.g., establish the following four definitions 
for the propositional functorsfor one propositional argument: 


D1 Qpppp = A,p =p = Asertium p 
D2 Qplp0 = Np = Negation p 
D3 QlpOp = F,p = NCpp = Falsum p 


D4 QOplp = V,p =Cpp = Verum p 


and the following sixteen for the propositional functors for two 
propositional arguments: 


DS Qpqpq = Gpq = CCqqp = p 
D6 Qqpqp = Bpq = CCppq = q 
D7 Qplq0 = Jpq = CCqqNp = Np 
D8 Qqlp0 = Ppq = CCppNq = Nq 
D9 Qlplq = Epq 

D10 QO0p0q = Rpq = NEpq 

Dll Qpq01 = Spq = NApq 


D12 = Qllpq = Kpq 
D113) Qqqp0 = Hpq = NCpq 
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D14 Qppq0 = Tpq = NCap 
D15 Q00pq = Apq 


D16 QOpql = Cpq 

D17 Q0qpl = Lpq = Cap 
D18 Qpql0 = Dpq = NKpq 
D19 =QOplq = Vpq = CpCqp 


D20 Qlp0q = Fpq = NCpCqp 


Thus, there is a functor which possesses the required pro- 
perty, and, therefore, if we were able to construct an analogous 
unit, then a universal decision element could be realized. 


II. No functor for three arguments can possess the required 
property. Let us assume that: 


Xpqr 


is a propositional functor for three propositional arguments. 
Then, either: 


ave X11 152" 71 or b) 2Xid) = 10 


In the first case, in order to define in such a way as we 
need the functors»R, S,; D, H, T, J, P, F-by the functor X and 
the constants 1] and 0, we have to use only such substitutions in 
which there appears 0. A combination X11] defines always such 
functors for two arguments which = 1, if their first and second 


arguments ='l1. No functor (R-F) possesses this property. But 
the functor ‘X’ gives only 6 possibilities for a substitution of 0: 


X0pq | Xp0q - Xpq0 
XOqp Xq0p Xqp0 


We need at least eight different combinations to define the 
functors R - F. Even if we reject the functors J, P, F as trivial, 
then we shall be unable to define all remaining. Among these five 
functors R - T there are three, R, S, D, which are symmetrical®, 
Then we must have at least eight different combinations and we 
have only six. 


The same situation appears if we assume the second case. In 
order to define the functors E, K, A, C, L, G, B, V, we can use 
only substitutions in which there appears 1. We have also only 
six such combinations analogous to those given above, when we need 
at least eight, even if we shall reject the trivial functors G, 
B, V, because the functors E, K, A, are symmetrical®. 
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Thus, there are no functors for three arguments possessing the 
required property, and, therefore, there are no possibilities to 
construct a unit with three inputs which would be a universal de- 
cision element. It is also trivially evident that there are no 
functors (or decision elements) for two arguments (or inputs) which 
possess this property. 


III. But there are functors for three arguments which allow 
us to define five not trivial functors in this way. The other five 
can be obtained by a simple negation of these. 


For example, there is a functor defined: 
Z,pqr = KEpNgENpr 


which possesses the following matrix II: 


Therefore, we can define: 


Z,pqaq = Rpq 
Z,9pq = Kpq 
Z,1pq = Spq 
Z,p0q = Hpq 
Z,plq = Tpq 


But, Npq = Epq, NXpq = Dpq, NSpq = Apq, NHpq = Gpq, NIpq = Lpq. 
Thus, it appears that theoretically there is a possibility to~-con- 
struct a quasi-universal decision element for three inputs which 
with negation gives any significant functor for two arguments. This 
does not resolve the question whether it is possible to produce 
practical device. Also such a quasi-universal decision element re- 
quires a second decision element analogous to negation. Of course, 
having S and 1 we can obtain negation easily, as: 


Z,\pp = Np 
but it is not quite satisfactory solution. 


IV. The following functors have exactly the same properties, 


(eo. 
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as the functor Z, possesses: 


Z,pqr 


= KEpNgqEpr 
Z,pqr = K 


EpqEpNr 


The matrix III defines Ls. 


Z, tlh =e 0 
: Pere0" =-0 
Zz 1 ee a | 
Zz Velie =20 
The matrix IV defines Zs: 
pz; | pa. Z,| pa 
Z, ) Ped Pi at) Z, Os 02022020 
Z, j rons aes coe Zz 0302 ty sel 
the, Ua t = 0 Z, Oe] Oss=ee0 
(be O51) 1=2-0 Z, 100-= 0 


Then: Z,pqp = Rpq, Z,1pq = Tpq, Z,0pq = Hpq, Z,plq = Spaq, 
Z,p0q = Kpq, and Z,ppq = Rpq, Z,1pq = Hpq, Z,0pq = Tpq, Z,pql = Spq, 
Z,pq0 = Kpq. 


Moreover, there are many other functors different from Z,, Z, 
and Z3; which can be used for the same purpose. E.g., we can adopt 
instead of Z,, Z, or Z, their negations. Then we can define in 
the same way as above the functors E, D, A, C, L. The functors 


R, K, S, H, T can be obtained by the use of negation. 


Thus, this investigation shows that from the logical point 
of view it is possible to obtain some kind of universal (or quasi- 
universal) decision elements somewhat different than proposed by 
Mr. T. Lode in his paper’. 


Y. It is worthwhile to remark that for our present purposes 
the so-called ‘conditioned disjunction’ is not of use. This functor 
discussed by E. L. Post and, recently, by A. Church®, can be de- 
fined as follows: 


Y, pqr = AKpqKrNq 
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and it possesses the following matrix V: 


Using this functor we can define by our method functors A, C, 
K, L, H, T, G, B and, therefore, by negation get also S, D, V, P, 
but we are unable to obtain E or R, as is obvious from this matrix. 
Only if we are allowed to substitute a negation for variables of 
this functor can we get: 


Rpq = Y,Npqp 
and 
Epq = Y,NpNqp 
Vitae Prot. A. Camcn has shown? that conditioned disjunction 


and the constants 0 and 1 are a complete set of independent primitive 
terms for the propositional calculus. We shall consider our functors 


OR Lia (ane 2, « 


. Because Qpppp = p, it is evident that using only Q we cannot 
define 0 and 1, using Q’and:0 we cannot define 1, and using Q and 1 


we cannot define 0. Thus, these three terms are independent each 
from the others. 


From the matrices II, III and IV it follows that using only 
Z,, Z, or Z, it-is impossible to define 1, but: 


0 "= 2, Ppp 0 = Z,ppp 0 = Z,ppp 


Therefore, each of these combinations: (Q; 1; 0), (Za boi 
ZL) sor (Z,;1) can be adopted as a complete set of independent 
primitive terms for the calculus of propositions. Also (Za 
(Z,;N) or (Z,; N) constitute such sets, as: 


Spq = Z,Z,Nppppq Spq = Z,pZ,pNppq  Spq = Z,pqZ,ppNp 
but not a set (Q; N), as neither 0 nor 1 can be defined by Q and N. 
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NOTES 


1) The definition of the decision element is given: John D. 
Goodell: The Foundations of Computing Machinery. Part I. The 
Journal of Computing Systems, vol. 1, (1952), pp. 1-13. 


In that paper there is given also an explanation of a modi- 
fication of the symbolism of Lesniewski’s protothetic which is 
used for the decision elements, and of Lukasiewicz’s symbolism 
which is used for propositional functors. Particularly, ‘N’ means 


‘negation’, ‘C’ - ‘implication’, ‘K’ - ‘conjunction’, ‘A’ - ‘in- 
clusive disjunction’, ‘R’ - ‘exclusive disjunction’, ‘E’ - ‘equiva- 
lence’. 


2) Cf. Henry M. Sheffer: A Set of Five Independent Postulates 
for Boolean Algebra, with Application to Logical Constants. Trans- 
actions of the American Mathematical Society, XIV (1913). Sheffer 
has proved that these two functors for two arguments possess a pro- 
perty such that each of them is sufficient to define any other 
functor of propositional calculus. See also: Eustachy Zylinski: 
Some remarks concerning the theory of deduction. Fundamenta Mathe- 
maticae, vol. VII. Warsaw, 1925. Zylinski has proved that only 
these two functors from the functors for two arguments possess this 
property. 


3) This first formula is remarked by LeSniewski in 1934, 
Cf. StanisYaw LeSniewski: Enleitende Bemerkungen zur Fortsetzung 
meiner Mitteilung u.d. T. ‘Grundziige eines neuen System der Grund- 
lagen der Mathematik’, Collectanea Logica, vol. I, Warsaw, 1938. 
Page 16. I was unable to find the next formulas in the literature. 


4) The following table indicates how using only S or only D we 


can define any other propositional functor for one or two proposi- 
tional arguments: 


I II 
By S By D 


a) The functors for one argument: 


Dl Spp = Np = Negation p D20 Dpp = Np = Negation p 
D2 -SSppp = F ip = Falsum p D21 DDppp = vp = Verum p 
D3 SSppSpp = A.P = Asertium p D22 DDppDpp = Ap = Asertium p 


D4 SSSpppSSppp = V,p= Falsum p D23 DDDpppIDppp = F p = Falsum p 
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“b) The functors for two arguments: 


D5. SSppSqq = Kpq D24 DDppDqq = Apq 

D6 SSppq = Hpq = NCpq D25 DDppq = = 

D7 SSqqp = Tpq = NCgp D26 DDqqp = Cpq 

D8 SSSpqqSSqpp = Epq D27 DDDpqqDqpp = Rpq 

D9 SSpqSSppSqq = Rpq D28 DDpqDDppDqq = Epq 

D10 SSpqSpq = Apq D29 DDpqDpq = Kpq 

D1l SSSppqSSppq = Cpq D30 DODppqDDppq = Tpq = NCqp 
D12 SSSqqpSSqqp = Lpq = Cop D31 DDDqqpDDqqp = Hpq = NCpq 
D13 SSSpppSSppSqq = Dpq D32 DODpppDDppDqq = Spq 


Cat eo a ek Sn 


D14 SSppSpq = Gpq = p 

D15 SSqqSqp = Bpq = q D34 DDqqDqp = Bpq = 

D16 SpSSqqq = Jpq = Np D35 DpIDqqq = Jpq= Np 

D17 SqSSppp = Ppq = Nq D36 DqDDppp = Ppq = Nq 
" D18 SSSpppSSqqq = Vpq = CpCqp D37 DDDpppDDqqq = Fpq = NCpCqp 


D19 SSSSpppSSpppq = Fpq = NCpCqp D38 DD0DpppDDpppq - Vpq = CpCqp 


5) Cf. a classical paper on this subject: Jean Nicod: A re- 
duction in the number of primitive propositions of logic. Pro- 
ceedings of the Cambridge Philosophical Society, vol. 19 (1917-20), 
pp. 32-41. And also: Mordechaj Wajsberg: Ein Neues Axiom des 
Aussagenkalkuils in der Symbolik von Sheffer. Monatsh. Math. Phys. , 
vol. 39 (1932), pp. 259-262. Also: Jan Lukasiewicz: Uwagi o aksy- 


omacie Nicod’a i o ‘dedukcyi uogolniajacej’ (Remarks on Nicod’s 
axiom and on ‘generalizing deduction’). Ksigga pamiatkowa Polshego 
Towarzystwa Filozoficznego we Lwowie, Lwéw 1931. 


6) Cf. the table III in Tenny Lode: The Realization of a Uni- 
versal Decision Element. The Journal of Computing Systems, vol. 1 
(1952) ,-pp. 19-20. 

(Gis Te ode con. tern 


8) Cf. Alonzo Church: Conditioned Disjunction as a Primitive 
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H Connective for the Propositional Calculus. Purtugaliae Mathematica, . 
4 vol. 7, pp. 87-90 (1948). In that paper ‘0’ means a true proposition 


# and ‘1’ a false proposition. 


9) Cf. A. Church, op. cit., p. 89. 
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COFINALLY CONCENTRATED DIRECTED SYSTEMS 


MICHAEL J. NORRIS 


1. INTRODUCTION. The following considerations arose 


originally in connection with neighborhood bases at a point of a 
topological space; but as they depend only on the directed nature 
of a basis, we present them for directed systems. 


A directed system is a set A with a binary relation, +3 , de- 
defined such that: 


(i) asta 

Cia) Ef -a'—3 brand b--3 a, then a= b 

(411) “Tf a - b and b -3-c, then a -3..c 

(iv) Given a and b there is ac such that a 2 c and bc. 


We express ‘a + b’ verbally as ‘a is before b’ or ‘b is after a’, 
using the convention that an element is both before and after itself. 


Two subsets, A’ and A’ , of A are cofinal with each other; if 
given a’ in A there is an a” in A” such that a’ 4 a” , and given 
a” in A” there is an a’ in A’ such that a” 3 a‘. A subset A’ is 


said to be cofinal if A and A’ are cofinal with each other. 


We shall use a few elementary results about directed systems 
without proof. For example, if a is an element of A, then the set 
of elements after a is cofinal. Proofs of such results as well as 
a more detailed discussion of directed systems may be found in [4]. 


We denote the cardinal number of a set A by LA | . We use the 


familiar results about cardinal and ordinal numbers such as may be 


found in[1, 2, 3]. 


Zane RELIMINARY DEFINI RIONSSANDVRESULTs. 


For an element a of a directed system A we set A, = {b | a 4+3b}, 
and A® = {b | b -4 a},after which we set B = { al | Ac] <A) and 
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Theorem |.) It a € Cand a —} b, then b € GC; 


Proof. If a-~b, then A,CAp; so [Al = |Aal s | Ay! S lA 
{Thus |A,| = |A], and be C. = 


Theorem 2. C is void or cofinal. 


Proof. If C is not void, let a € C. Then, by Theorem 1, all 
| the elements after a are inC. As these elements form a cofinal set, 
Cc contains a cofinal set and must itself be cofinal. 


In view of Theorem 2 the set B can be ignored whenever C is not 
) void, provided we only wish to retain a cofinal subset. Actually, 
_by Theorem 1, no element of B can be after an element of C; so that 
) when C is not void, B plays a trivial part in the system. As a 
} consequence, we make the following definition. 


Definition. A directed system A is cofinally concentrated, 
} if the subset C, as defined above, is void. 


Theorem 3. If A is cofinally concentrated, any subset of A 
with cardinal | A| is cofinal. : 


Proof. Let B be a subset of A with cardinal |A| at LeGeaices As 
| Then lA, | < |al = [BI so BCA,. Therefore a —3 b for some b inB 
Theorem 4. If A is cofinally concentrated; then the subset B 


is cofinal, if and only if | ee OPA TINE 
a 


Proof. If B is cofinal, i) A® «= A. Conversely, if 


a €B 
1s A?| = lA|, then L) A@ is cofinal by Theorem 3. Since each 
a €B aéB 


element of he A® is before an element of B, B is cofinal. 
a 
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3c, EXISTENCE OF WELL-ORDERED COPRINAL, SUBSETS: 
The next theorem is a trivial consequence of the main theorem of 
this section. However, some result related to this theorem seems 
necessary to avoid awkward possibilities in the proof of the main 
theorem. The particular choice used avoids having to differentiate 


appreciably between regular and irregular values of | A| in the proof 
of the main theorem. 


Theorem 5. If A is cofinally concentrated, and  <|A|; there © 
is an element a of A such that | a? | 2 


Proof. If Ais finite, A contains a last element. The theorem 
in this case is trivial, so we assume A to be infinite in the re- 
mainder of the proof. 

Let CX, |0 Sy < 9} be the set of infinite cardinals less 
than |A| well-ordered by magnitude, and let A ={aJ| | Ag| bs & Pa 
Since A is cofinally concentrated, Us, = A. 

Let & < [A |. As the A’s do not decrease as Y increases, 


and their union is A; there must be a y such that | Ay! a & 


Choose a subset, ee. of Ay with cardinal & - Thenss 


Pell oh No [also Caen 
aéA, aéA, 


Choose accordingly b not in any A, for a in Ace Then: 


ac a, and B= [Ay] S | abl. 


Corollary. If A is cofinally concentrated, and 8 < |A |; 
there is an element a of A such that | A, | 2 & 
Proof. After treating the case that § is finite separately, 


the corollary is a consequence of A® ( AST) feaey 


If 9 is an ordinal not 0, we consider the set of ordinals 
less than Q . Its cofinal subsets are all well-ordered, and we 
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let f( 2) be the first ordinal associated with one of these subsets. 


Theorem 6. If A is cofinally concentrated, and Q 1s the first 


ordinal associated with la| ; then there is a well-ordered cofinal 


subset of A of the type of f(Q ). There is no cofinal subset of A 


whose cardinal is less than the cardinal of the set of ordinals less 


Phan £( Oe). 


Proof. The set A is finite if and only if f( 9 ) is 1. This 
Situation is trivial, so we assume that A is infinite in the remain- 


der of the proof. 


Let {B, ines 0 aey. < f( 2 )} bea set of ordinals strict- 
ly increasing with y and cofinal with the set of ordinals less 
than 1 . Choose b, in A such that |A’? | PG Tee MUL OS eb B,} | 
by Theorem 5. Suppose we have defined b, for each Y less than 


some $ , where 0 £ § < £(_QQ ), so that: 


Gis if ¥.< 7, then b, 9 - band by # by. 


b 
mee Ae eee eA (LO Bek By 


As | A, | < |A| for each Y , the definition of f( 2 ) assures that 
Y 


he Ap, < lal. Thus there is ac in A such that c is after 
y ’ 


each b, . There is also a c’ such that: 


Ageia es) 0. = 6:<.8,) | 


Take bs as an element after c and c’ and not equal to either. That 


the extended set of b’s satisfies (i) and (ii) is obvious. 
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By induction we define the set {b,| 05 7< £( 9 )} satisfying 
(i) and (ii). By (i) the set of b’s is well-ordered by -}. By (ii) 
IU) ab = max(le¥-b-|(B)08 6 <8}, Mv] o£ v< £4}. 


~1f |Al is irregular, the first term is| Al; and if |A| is regular 
the second term is |A|. Thus IV) Aby| 2 |a|, and by Theorem 4 
the set of b’s is cofinal. 

The last statement is an immediate consequence of the definition 
of f( 2 ), Theorem 4, and the fact that.| A? |S | a,! < | al. 


We conclude with some remarks which follow directly from Theorem 
6. If a directed system has a cofinal subset which is cofinally 
concentrated, then it has a well-ordered cofinal subset. The mini- 
mum cardinal for a cofinal subset which is cofinally concentrated 
is a regular cardinal. If the cardinal of a subset both cofinal 
and cofinally concentrated is regular, the cardinal is the minimum 
cardinal for cofinal subsets. In particular, there is at most one 
regular cardinal which is the cardinal of a subset both cofinal 
and cofinally concentrated. Further, if a cofinally concentrated 
directed system has a regular cardinal, it has no cofinal subset 
with smaller cardinal. The set of ordinals less than Q, where 
Q“ is the first ordinal associated with an irregular cardinal, 
shows that the restriction to regular cardinals in the last three 
statements cannot be dispensed with. 
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THE FOUNDATIONS OF COMPUTING MACHINERY 
JOHN D. GOODELL 


Part II. 


The Decision Element notation for computing machine structures 
and the close analogy between this system and the simple bi-value 
Calculus of Propositions has been outlined in Part I. It will be 
shown that the Decision Element system is the stronger of the two, 
and basic differences will be described. Basic methods for pro- 
gramming computing machines with Decision Elements are given. 


DECISION ELEMENT SYNTHESIS 


From the point of view of modern formal logic it has long been 
of interest to establish the functors and combinations of functors 
from which complete systems may be constructed. In the bi-value 
Calculus of Propositions there are four possible functors for one 
argument and sixteen for two arguments, and this may be interpreted 
readily in correspondence to digital computing machine Decision 
Elements. Whether any given combination of functors may be used 
as the basis of a complete system may be established by showing 
that all others may or may not be defined by them. This is not 
only of interest from the logical point of view but is essential 
in the design and development of computing machines and their com- 
ponents. Some techniques lend themselves much more readily to the 
design of certain Decision Elements. Establishing the optimum 
structures for a given technique is of primary importance. ‘The 
Decision Element notation described in Part I of this series is 
a particularly useful symbolism for this purpose. 


The single argument functor for negation (N) is the basic key 
to all synthetic constructions. Many of the relationships between 
Decision Elements based on input and output negations have been 
shown by T. Lode in the first 1assue of this Journal. It is of in- 
terest to note that applying N to a single input of any D.E. ef- 
fectively rotates the marks by 90 degrees, and if N is inserted 
in the other input the direction of rotation is reversed. If N 
is used in both inputs the rotation is 180 degrees. Negation in 
the output of any D.E. negates the marks, i.e. existing marks are 
removed and the quadrants that were empty receive marks. 
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The effects of input and output Negation have been given in 
' the tables accompanying T. Lode’s referenced article. 


It is clear that the rotations obtainable with input negations 
make it possible to generate all of the possible positions of a 
basic mark pattern, i.e. from conjunction (K) (which has a mark in 
the lower right quadrant) the use of appropriate input negation 
makes it possible to produce the other three single mark elements; 
from exclusive-or (R) it is possible to produce equivalence (E), etc. 
Using output negations the three mark elements may be obtained from 
the single mark elements and vice versa. Thus, with any one of the 
single or triple mark elements and negation it is possible to obtain 
the other seven in this set. | 


The inputs of any two D.E.’s may be connected in parallel, and 
with the availability of inclusive-or (A) it is possible to link 
their outputs in a similar manner. In this way the double mark 
D.E.’s may be built from the single mark group. The parallel com- 
bination of any single mark element with its complementary three 
mark element produces the four mark structure. In this way the 
operations necessary to generate a complete system by means of 
negation for one argument. and any single or triple mark dual input 
Decision Element are completely described. 


The only reason that it is necessary to have a two input element 
in order to build a complete system is the requirement of a means 
of parallel linkage of the outputs of two elements for establishing 
certain combinations. In practice, this ordinarily implies a simple 
diode mixing circuit. 


Any Decision Element with a mark in the upper left quadrant 
(except the four mark element) inherently contains negation for one 
input. It is evident that any single or triple mark Decision Element 
may be used exclusively for the construction of a complete system 
if and only if it can be used both as a single input device re- 
presenting negation and also as some two input device. This re- 
quires a mark in the upper left quadrant. With certain elements 
(e.g.‘S’) negation for one input is obtained by introducing a con- 
stant 0 in the other input. With others (e.g.‘D’) it is accomplish- 


ed by applying a constant 1 at the appropriate input. 


It is at this point that an important difference between the 
Decision Elements of computing machinery and the functors of the 
simple Calculus of Propositions becomes clear. It was stated at 
the outset that the Decision Element system is the stronger of the 
two. The reason is that it is possible to disconnect one of the 
inputs of a two input D.E., and that this is effectively a means 
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of obtaining zero. A constant input ‘0’ is inserted simply by 
establishing an open circuit. In the simple Calculus of Proposi- 
tions there is no analogous method, and only by means of including 
the use of the Quantifiers is a similar result obtainable. In 


accordance with the symbolism of Lukasiewicz the universal quanti- 
fier is denoted by I] and the particular quantifier by 2. Thus, 


‘IIp’ means ‘for any p’ and ‘2p’ means ‘there is such p, that...’? 
Thus, in the field of propositional calculus wrth quantifiers we 
can define: 


Np C pll pp? 
and 


Np Lilppp 


In this sense the Decision Element system bears some similarity to 
the Calculus of Propositions with the Quantifiers. 


With clock synchronized computers it is generally possible 
to provide a constant 1 at any input from the clock source. 


It has been proven that in the Calculus of Propositions with- 
out the Quantifiers it is possible to build a complete system using 
only ‘S’ (which is the negation of inclusive-or) or using only ‘D’ 
(which is the negation of conjunction), and that these are the only 
two functors that have this absolute independence.’ In the Decision 
Element system, implication ‘C’ and ‘L’ also have this property. 
This is equally true in the Calculus of Propositions with the Quan- 
tifiers. 


This characteristic is peculiar to the computing code where 
the absence of a pulse (nothing) represents ‘0’ and the presence 
of a pulse represents ‘1’. When codes are used where ‘0’ is symbol- 
ized by ‘something’, e.g. a negative pulse, this particular strength 
is lost. 


SELECTION OF BASIC ELEMENTS 


For purposes of computing machine design there are many ob- 
vious advantages in the selection of one or more basic Decision 


Elements from which all others are synthesized. It has been shown 
that any one of four Decision Elements with a mark in the upper 


left quadrant may be used exclusively to build a complete system 
and that this is a peculiar property of the type of code in which 
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zero is symbolized by ‘nothing’. In Table I the definitions of 
the other D.E.’s are given for complete systems based on each of 
these four functors. (In the note” following the article in this 
issue by B. Sobocihski the definitions are given in the symbolism 
of propositional logic for the functors ‘S’ and ‘D’ which are the 


only two on which complete systems can be built in the simple bi- 
value Calculus of Propositions. ) 


Tubes, transistors, magnetic elements and other devices may 
be used for the design of D.E.’s. For any given technique there 
will be certain functors that will be simpler than the others, hence, 
for purposes of economy in weight, volume and cost it is important 
to make optimum selections. 


Although there are four universal elements (S,D,C,L) from any 
one of which a complete system can be constructed, it is often de- 
sirable to include an additional element that is complementary with 
respect to output negation. For example, ‘A’ is the relatively 
simple mixing circuit that generates an output 1 for an input 1 
on either input line or both,and it is also the output negation 
complement of ‘S’ which responds with an output 1 only if there 
is no 1 on either input line or on both. This means that if ‘S’ is 
selected as the universal element the addition of ‘A’ makes it 


possible effectively to insert negations in many cases by inversions 
without any actual additional elements. 


> 


In any known system for making decisions by means of physical 
devices in a computing machine, each D.E. introduces some loss of 
power. Furthermore, most complex programs require the combination 
of strings of D.E.’s in precisely synchronized time distribution 
In order to simplify the latter problem, most systems use some form 
of centralized ‘clock’ control, and the information travels in dis- 
crete time-steps rather than in a free running flow. 


This means that most practical D.E. structures must be capable 
of three separate functions. They must be capable of making the 
required decision, they must be capable of storing the resulting 
intelligence between clock pulses, and they must have facilities 
for power gain. Clearly, certain compromises are possible and are 
worthy of examination. For example, it is possible to design D.E.’s 
with very low power loss characteristics and introduce some device 
that provides power gain only between strings of D.E.’s. Also, 
small sections of machines may be allowed to free-run with facilities 
for periodic re-synchronization. A parallel register for accomplish- 
ing multiplication by means of addition is an example of the latter. 


In some such cases synchronization may only be necessary with respect 
to the carries and for programming subsequent applications of the 
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answer once it has been obtained. A special element may be used 
in some systems for generating a ‘ripple’ carry where the D.E. for 
the carry between stages of a parallel adder has negligible power 
loss over the maximum string and negligible time lag by comparison 
with the delay introduced by the straight summation components. 


In most relatively conventional computing applications it 
appears that if the power gain in each element is adequate to drive 
‘three other elements in parallel the utilization of components will 
be optimized. In some special applications where the types of pro- 
grams commonly encountered require more than three D.E.’s in parallel 
across the output of one, it will be economically worthwhile to 
introduce additional power gain in the basic elements. 


PROGRAMMING METHODS 


It has been noted that if the complement of the selected uni- 
versal element is available, effective negations may be inserted in 
the programming process. A simple example in an S/A system is a 
case where it is desired to have conjunction driven by the outputs 
of two A’s 


The rotation of S into conjunction involves the insertion of 
negation on both inputs. The output of an S corresponds to the 
negated output of an A. Thus, if the two driving elements in this 
circuit are changed to S an additional S may be used for the con- 
junction. The following circuit, using three S units, has exactly 
the same characteristics as the one given above for two A’s and 
conjunction: — 
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Using this method, a large number of physical negation elements 
may be eliminated from any program. A useful procedure for program- 
ming a machine in an S/A system is first to develop it with whatever 
D.E.’s seem most convenient. Then, starting from the output and 
working backward toward the input, the negations necessary to pro- 
vide synthesis from S and A are inserted wherever possible by means 
of such substitutions as are described above. 


There are many cases in which it is not possible to obtain all 
the negations by means of complementing, and actual negation elements 
must be used. In any system using one of the four universal elements 
this may be obtained by open-circuiting or clock-driving one of the 
universal element inputs. Familiarity with the definitions given 


in Table I will eliminate many of the steps in the programming 
process. : 


It is obvious, but worthy of mention, that any double negations 
in series may be dropped without affecting the end result of the 
program. 


In many types of D.E. designs, practical considerations will 
require the presence of a series diode in the output circuit. When 
this is the case, it is often possible effectively to obtain A by 
simply connecting the outputs of two elements together, since the 
presence of the diodes constitutes a suitable mixing circuit. 


It has been mentioned that most program requirements will be 
met by D,E.’s with adequate power gain to drive three elements in 
parallel. It is not too uncommon to encounter conditions where 
four or more D.E.’s must be driven from one, but in a significant 
portion of these cases one or more of the parallel elements will 
be driven via their other input by a D.E. that is loaded with only 
one or two parallel elements. Thus, pdwer input is obtained in 
many cases from two sources, and to this extent any restrictions 
imposed by a limitation of power gain to facilities for handling 
a parallel load of three is expanded. 


The .relationships established by input or output negation have 
been described. For purposes of program ‘thinking’ it is worthwhile 
to bear in mind the effect of negation on both inputs as well as 
the output. It will be noted that such negations convert A to 
conjunction, convert S to D, and so on. Introducing such negations 
amounts to an inversion of the code, i.e., 1 1s symbolized by 0 
and 0 by 1. Thus, in an S/A system a program requiring a large 
number of conjunctions may be considered in terms of such an in- 
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version and obtained in a given section of a program by the in- 
sertion of negation at the inputs and outputs of the entire section, 


Most computing machinery designers have their principal ex- 
perience in dealing with circuitry under descriptive nomenclatures 


developed in the industry. Some relationships between these terms 
and the Decision Element concepts are initially useful in obtain- 
ing experience with this type of programming. Perhaps the most 
widely used element is the ‘flip-flop’ which is characterized by 
two reversible stable states controlled by an appropriate input 
signal. A pair of recirculating S units provides one type of De- 
cision Element flip-flop. 


Paired S 
Flip - Flop 


In one mode a continual string of ones will appear at X with zeros 
at Y, and in the other the opposite condition will exist. If ones 
are being produced at X, and a one is applied to line Z, then the 
output of the first S will be a zero and the second S will begin 
generating ones which are recirculated to maintain the zero output 
of the first S. Applying a signal one to the line W will tum 
the flip-flop back over to its original state. 


Another type of flip-flop is constructed from inclusive-or and 
exclusive-or as follows: 


Sie inne 
Blip bien 


This arrangement will recirculate ones or zeros reversibly upon the 
successive application of ones at its input line W. 


There are many different types of so-called ‘gates’, one of 
which is exemplified by a Decision Element unit for conjunction, 
In combination with the flip-flop driven from a single input line, 
this provides the necessary facilities for a serial binary counter, 


92 


THE FOUNDATIONS OF COMPUTING MACHINERY 


Series Binary Counter 


The inclusive-or element as used here is, of course, actually ‘verum’ 
for one argument, and corresponds in computing machine terminology 
to a one-pulse-time delay circuit. 


In order to illustrate the methods of developing such con- 
structions from universal elements, one stage of this binary count- 
ing configuration is converted to an S/A system as follows: 


One stage of 
series Binary 
Counter con- 
verted to 
S/A system. 


1. In order to obtain the conjunction element from S it is necessary 
to introduce negation on both input lines to the S. Both input 


lines have a common source, hence this can be effectively accomplish- 
ed by applying a single negation at the common input. 


2. The exclusive-or element requires two S units in parallel with 
Opposite ninety-degree rotations obtained with negation on alternate 


inputs, This is accomplished by introducing an S having inputs in 
parallel with the inclusive-or element because S is the negation 
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of inclusive-or. Thus, one of the S units that are combined to make 
up the exclusive-or is still driven from inclusive-or and the other 
from the parallel S. To obtain the other negation it is necessary 
to insert inclusive-or with its input parallel with the S that pro- 
vides negation at the common input line. (Actually, this Sis 
negation for one argument, and the inclusive-or is verum.) Now 
the exclusive-or S element that receives one input from the in- 
clusive-or in its recycling configuration obtains its other input 
from the inclusive-or (verum) at the common input line. The other 
exclusive-or S element is fed from the negation single-input S at 


the common input line. —~ 


3. In successive stages one element may be eliminated by obtaining 
the common input line negation with an inclusive-or element placed 
in parallel with the S that represents conjunction, 


4. Actually, one more element may be eliminated by taking the 
negated carry from one of the S elements that make up the exclusive- 
or. This latter arrangement is not shown in the diagram. 


MAGNETIC SYSTEMS 


One method of implementing the Decision Element concepts is 
by means of devices consisting principally of crystal diodes and 
magnetic elements. In an S/A system the diodes are used to pro- 
vide the ‘mixing’ characteristics of A while S is generated by apply- 
ing a continual clock stream to one of a combination of two magnetic 
structures so oriented as to produce output cancellation when both 
are energized. Actually, this amounts to combining two A elements 
in such a manner that the output of one is in opposite phase to 
the other and applying a clock pulse continually to the input of 
one of the A elements. 


These devices are constructed from a magnetic material having 
an essentially rectangular hysteresis loop so that temporary storage 
and clock synchronization are provided by driving alternate suc- 
cessive elements from clock sources that are 180 degrees out of 
phase. Various methods such as differential loading of the output 
circuits,make it possible to derive power gain from the clock source 
and thus provide tubeless Magnetic Decision Elements consisting of 
components with a high degree of reliability. 


Such devices have been constructed with a power consumption of 
approximately 0.6 watts average per element at a 100 kilocycle per 
second repetition rate per phase of clock source. The total weight 
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of the components for each D.E. is approximately six grams, and in 
individual pluggable form their physical volume is somewhat less 
than a cubic inch. 


In addition to the features of compactness and reliability 
the fact that only two basic standardized pluggable elements are 
required to build the program, memory and program control sections 
of any digital computer has far-reaching implications. It means 
that machines may be modified, completely redesigned, expanded or 
constructed for short term applications without any equipment ob- 
solescence. Empiric evaluation of systems and methods of program- 
ming is convenient and practical. 


Figure 1 illustrates a configuration of these elements designed 
for recycling tests as well as a photograph of the oscilloscope 
pattern obtained. This configuration generates repetitively the 
eight possible patterns of a three-digit binary number. 


TIME 


Up to this point the Decision Element system has been dis- 
cussed entirely as an interpretation of the Calculus of Propositions 
and one basic difference has been described. Another, more im- 
portant, difference is evident in the fact that many of the ex- 
pressions in the Decision Element notation are time-dependent, and, 
consequently, no corresponding expressions can be established in 
the Calculus of Propasitions. Any expression in the Calculus of 
Propositions can be interpreted in the Decision Element system, 
but, because of the time-dependence factors, the reverse is not 
true. 


There are several ways into which time enters in the Decision 
Element system. A typical example is in the recirculating carry 
of a full binary serial adder where the otttput is dependent not 
only upon the variables introduced at a given time but also upon 
the resultant of preceding variables. Almost all computing machine 
designs will include a multiplicity of closed feedback loops, some 
of which will be continually recirculating various intelligence 
patterns, and all of these involve time dependence. 


The Decision Element notation has utility in the conduct of 
investigations into certain aspects of logical theory. Conversely, 
it is desirable to be able to establish suitable formulations in 
the notation of modern formal logic in order to analyze the char- 
acteristics of various computing machine programs. Many different 
methods may be established arbitrarily by introducing special symbols 
but in order to discuss sets that are ordered with respect to time it 


95 


THE FOUNDATIONS OF COMPUTING MACHINERY 


is necessary in some form to use certain expressions from the Cal- 
culus of Relations. Methods for such analyses will be set forth in 
the subsequent article of this series. 


NOTES 


1. H.M. Sheffer. A Set of Five Independent Postulates for Boolean 
Algebra, Transactions of the American Mathematical Society XIV 1913. 
E. Zyliriski, Remarks Concerning the Theory of Deduction, Fundamenta 
Mathematicae, Vol. 7, Warsaw, 1925. Bertrand Russell. Introduction 
to Wittgenstein, Tractatus Logico Philosophicus. 


2. Jan Lukasiewicz, Aristotle’s Syllogistic, Oxford 1951. 


3 i This formula is given by Bertrand Russell. B. Russell, The 
Theory of Implication. Amer. Journ. Math. Vol. 28, 1906, pp. 159-202. 
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Figure l. 


This configuration of Decision Elements generates “repetitively 
the eight possible patterns of a three-digit binary number. The 
upper lefthand photograph is an oscilloscopic presentation of one 
cycle of this pattern generated by Magnetic Decision Elements. The 
upper righthand photograph is an expansion of as trace to exhibit 
characteristics of the wave form. 
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